Abstract: An adjustable optical cage generated by focusing a partially coherent beam with nonconventional correlation function named the Bessel-Gaussian correlated Schell-model (BGCSM) beam is investigated in detail. With the help of the generalized Huygens-Fresnel integral and complex Gaussian function expansion, the analytical formula of the BGCSM beam passing through an apertured ABCD optical system was derived. Our numerical results show that the generated optical cage can be moderately adjusted by the aperture radius, the spatial coherence width, and the parameter β of the BGCSM beam. Furthermore, the effect of these parameters on the effective beam size and the spectral degree of coherence were also analyzed. The optical cage with adjustable size can be applied for particle trapping and material thermal processing.
Introduction
The optical cage, also named the optical bottle beam (i.e., a three-dimensional dark spot surrounded by regions of higher intensity) has attracted growing attention. The optical cage has found wide applications in super-resolution fluorescence microscopy [1, 2] , dark optical traps for atoms [3, 4] and microparticles [5] , imaging very dim objects located reasonably close to bright objects [6] . Various techniques for generating the optical cage have been developed, such as two-beam interference [7] [8] [9] , axicon [10] , the spatial light modulator [11, 12] , and tight focusing of cylindrical vector beams [13, 14] . Note that all the optical cages produced by the techniques mentioned above are completely coherent. A partially coherent optical cage may exhibit some advantages over those of a coherent optical cage, for example, a partially coherent optical cage is less sensitive to speckle [15] [16] [17] . Recently, there has been a growing interest in generating partially coherent optical cages. Several approaches have been developed to generate partially coherent 3D optical cages, such as the axicon-lens system [18] and the binary diffractive optical element [19] . Furthermore, controlling the spatial coherence of a focused partially coherent source has also shown the possibility of forming an optical cage in the focal region [20] .
Recently, partially coherent beams with nonconventional correlation functions (NCFs) have been widely investigated [21, 22] . Several types of partially coherent sources with NCFs have been introduced and generated through various coherence manipulation methods [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . These novel sources exhibit many interesting propagation properties, and are expected to be useful in many
Propagation of an Apertural BGCSM Beam through a Paraxial ABCD Optical System
The second-order correlation properties of a scalar partially coherent beam are generally characterized by the cross-spectral density (CSD) in the spatial-frequency domain [44] . The CSD of a BGCSM beam at two arbitrary points in the source plane is expressed as [27, 40] : 
where r j = (r jx ,r jy ) (j = 1, 2) denotes an arbitrary transverse position vector, σ 0 is the transverse beam waist width of the corresponding Gaussian beam, δ 0 is the transverse coherence width, β is a real constant, and J 0 (x) is the zeroth-order Bessel function of the first kind. Equation (1) shows that the BGCSM beam reduces to a conventional Gaussian Schell-model beam when β equals 0, and to a J 0 -correlated beam when β trends towards infinity. In a practical optical system, an aperture is usually used to modulate the size of the beam spot of a partially coherent beam. Therefore, it was necessary to investigate the effect of the aperture radius on the propagation properties of a partially coherent beam. We assumed that a circular aperture with radius a is located in front of the BGCSM beam, so the CSD of the apertured BGCSM beam in the source plane is expressed as
where H(r i ) is the transmission function of the circular aperture. This can be expanded as the following finite sum of complex Gaussian functions [45, 46] :
Here, A m and B m are the expansion and Gaussian coefficients, respectively, which can be obtained through numerical optimization [45] . This expansion method has proved to be reliable and efficient, Appl. Sci. 2019, 9, 550 3 of 10 and the simulation accuracy improves as M increases. For a circular hard aperture, M = 10 already ensures a very good description of the propagation of the diffracted beam [45, 46] . The propagation of the CSD of an apertured BGCSM beam through a paraxial ABCD optical system can be studied by using the following extended Collins formula [47, 48] :
where ρ j = (ρ jx ,ρ jy ) (j = 1, 2) denotes an arbitrary transverse position vector at the receiver plane and k = 2π/λ is the wave number related to the wavelength λ.
For the convenience of integration, the following "sum" and "difference" coordinates were adopted:
Substituting Equations (2) and (5) into Equation (4), we obtained the following alternative expression of Equation (4):
After integrating over r s and ∆r, we obtained the analytical cross-spectral density expression of an apertured BGCSM beam passing through a paraxial ABCD optical system as follows:
In the above derivations, we applied the following integral formulae [49] :
where J ν (x) and I ν (x) are the ν-order Bessel and modified Bessel functions of the first kind, respectively.
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In the cylindrical coordinates, the effective beam width of a circular symmetric beam is defined as [50] [51] [52] :
Applying the following expansion formula:
then, substituting Equations (12) and (14) into Equation (13), we obtained the effective beam width for an aperture BGCSM beam through a paraxial ABCD optical system as follows:
with
where
The SDOC of an apertured BGCSM beam between two arbitrary points ρ 1 and ρ 2 in the receiver plane was obtained as:
Numerical Calculation Results
Considering an apertured BGCSM beam generating from the source plane (z = 0) focused by a thin lens optical system with a focal length f, the distance from the source plane to the thin lens is f and the distance from the thin lens to the receiver plane is z. Thus, the transfer matrix for the optical system can be expressed as:
We studied numerically focusing characteristic of the intensity, the effective beam width, and the SDOC of an apertured BGCSM beam focused by a thin lens focusing system by applying the formulae derived in Section 2. For the following numerical examples, the parameters were chosen as f = 150 mm, λ = 632.8 mm, σ 0 = 1 mm, a = 1.5 mm, δ 0 = 0.2 mm, and β = 2.5, unless other values are indicated in the figures.
To study the intensity properties of an apertured BGCSM beam focused by a thin lens focusing system, in Figures 1-3 we calculated the normalized intensity distribution of an apertured BGCSM beam in the ρ-z plane for different values of the aperture radius a, the transverse coherence width δ 0 , and the parameter β, respectively. One can see from Figure 1 that a partially coherent optical cage was formed with or without an aperture separately. The shape of the optical cage became much more uniform and the size of the cage became larger with the decrease of the aperture radius. The generated optical cage is useful for trapping low-refractive index particles. As shown in Figure 2 , with the small value of δ 0 , a more uniform optical cage was formed. With the increase of the coherence width δ 0 , both transverse and longitudinal sizes, as well as the depth of the optical cage, decreased. As shown in Figure 3 , with the increase of the parameter β, the focal intensity profile gradually evolved from a peak-centered shape into an optical cage, and both transverse and longitudinal sizes, as well as the depth of the optical cage increased. However, it was also found that, with the increase of the parameter β, the transverse intensity surrounding the optical cage increased while the longitudinal intensity surrounding the optical cage decreased, so the shape of the optical cage became less uniform. Hence, a J 0 -correlated beam (i.e., a BGCSM beam with β→∞) is not appropriate for producing an optical cage. From Figures 2 and 3 , one can explain that the effect of the special correlation function can modulate the optical cage and will be enhanced with a small δ 0 or a moderate β. Furthermore, we conclude that one can conveniently obtain an adjustable optical cage by focusing an aperture BGCSM beam through choosing appropriate aperture radius, transverse coherence width, and correlation function (i.e., the Bessel-Gaussian correlation function). However, the conventional Gaussian Shell-model beams do not have those characteristics.
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Conclusions
The statistical properties of an apertured BGCSM beam focused by a thin lens have been explored. The adjustable size of a formed optical cage is the most attractive property. We found that the optical cage could be controlled by manipulating the initial spatial coherence width δ0, the parameter β, and the aperture radius a. The size and depth of the optical cage increased with the decrease of δ0 or increase of β. The shape of the optical cage became much more uniform with small values of a and δ0, or a moderate value of β. In addition, the effective beam width and the SDOC were also affected by these parameters. Our results will be rewarding in various applications, such as in particle trapping, dark field microscopy, and super-resolution fluorescence microscopy. 
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